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Evidential distance measure in complex belief
function theory
Fuyuan Xiao
Abstract—In this paper, an evidential distance measure is
proposed which can measure the difference or dissimilarity
between complex basic belief assignments (CBBAs), in which the
CBBAs are composed of complex numbers. When the CBBAs are
degenerated from complex numbers to real numbers, i.e., BBAs,
the proposed distance will degrade into the Jousselme et al.’s
distance. Therefore, the proposed distance provides a promising
way to measure the differences between evidences in a more
general framework of complex plane space.
Index Terms—Generalized Dempster–Shafer evidence theory,
Evidential distance measure, Complex belief function, Complex
basic belief assignments, Complex number.
I. INTRODUCTION
A recent work in terms of the generalization of Dempster–
Shafer evidence (GDSE) theory is presented where a new
concept of complex belief function is defined based on the
complex numbers [1]. The GDSE theory is capable of giving
expression to the data fluctuations at a given time phase
in the course of execution. Moreover, it has the ability to
handle uncertainty and imprecision when the data occur con-
currently accompanied by variations against to data’s phase
or periodicity. In particular, when the complex basic belief
assignments are degenerated from complex numbers to real
numbers, the GDSE theory will degrade into the DSE theory
with the condition that the conflict coefficient is less than one.
Therefore, the GDSE theory can provide a more promising
framework to model and cope with uncertain information.
Because the evidential distance plays an important role to
measure the difference or dissimilarity between evidences in
DSE theory which has attracted many researchers in the past
few years. In this paper, therefore, inspired by Jousselme’s
distance [2], an evidential distance measure, called EDM is
proposed that can measure the differences between complex
basic belief assignments (CBBAs) in the GDSE theory, in
which the CBBAs are composed of complex numbers. When
the CBBAs are degenerated from complex numbers to real
numbers, the EDM distance will degrade into the Jousselme
et al.’s distance. Hence, the proposed EDM distance is a
generalization of the Jousselme et al.’s distance. Meanwhile,
the properties of the EDM distance measure are analysed.
Furthermore, numerical examples are given to illustrate the
properties of the EDM distance measure.
The rest of this paper is organised as follows. The pre-
liminaries are briefly introduced in Section II. A complex
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basic belief assignment is introduced in Section III. A new
distance measure between complex basic belief assignments is
proposed in Section IV. Section V provides many numerical
examples to illustrate the properties of the EDM distance
measure. Finally, Section VI concludes this work.
II. PRELIMINARIES
A. Complex number [3]
A complex number z is defined as an ordered pair of real
numbers
z = x+ yi, (1)
where x and y are real numbers and i is the imaginary unit,
satisfying i2 = −1. This is called the “rectangular” form or
“Cartesian” form.
It can also expressed in polar form, denoted by
z = reiθ , (2)
where r > 0 represents the modulus or magnitude of the
complex number z and θ represents the angle or phase of
the complex number z.
By using the Euler’s relation,
eiθ = cos(θ) + i sin(θ), (3)
the modulus or magnitude and angle or phase of the complex
number can be expressed as
r =
√
x2 + y2, and θ = arctan(
y
x
) = tan−1(
y
x
), (4)
where x = r cos(θ) and y = r sin(θ).
The square of the absolute value is defined by
|z|2 = zz¯ = x2 + y2, (5)
where z¯ is the complex conjugate of z, i.e., z¯ = x− yi.
These relationships can be then obtained as
r = |z|, and θ = ∠z, (6)
where if z is a real number (i.e., y = 0), then r = |x|.
The arithmetic of complex numbers is defined as follows.
Give two complex numbers z1 = x1+y1i and z2 = x2+y2i,
• The addition is defined by
z1+z2 = (x1+y1i)+(x2+y2i) = (x1+x2)+(y1+y2)i.
(7)
• The subtraction is defined by
z1−z2 = (x1+y1i)−(x2+y2i) = (x1−x2)+(y1−y2)i.
(8)
2• The multiplication is defined by
(x1 + y1i)(x2 + y2i) = (x1x2− y1y2) + (x1y2 + x2y1)i.
(9)
B. Belief function theory [4, 5]
Definition 1: (Frame of discernment)
Let Ω be a set of mutually exclusive and collective non-
empty events, defined by
Ω = {F1, F2, . . . , Fi, . . . , FN}, (10)
where Ω is a frame of discernment.
The power set of Ω is denoted as 2Ω,
2Ω = {∅, {F1}, {F2}, . . . , {FN}, {F1, F2}, . . . , {F1,
F2, . . . , Fi}, . . . ,Ω},
(11)
where ∅ represents an empty set.
If A ∈ 2Ω, A is called a proposition.
Definition 2: (Mass function)
A mass function m in the frame of discernment Ω can be
described as a mapping from 2Ω to [0, 1], defined as
m : 2Ω → [0, 1], (12)
satisfying the following conditions,
m(∅) = 0, and
∑
A∈2Ω
m(A) = 1. (13)
In the DS evidence theory, m can also be called a basic
belief assignment (BBA). If m(A) is greater than zero, where
A ∈ 2Ω, A is called a focal element.
Definition 3: (Belief function)
Let A be a proposition in the frame of discernment Ω. The
belief function of proposition A, denoted as Bel(A) is defined
by
Bel(A) =
∑
B⊆A
m(B). (14)
Definition 4: (Plausibility function)
Let A be a proposition in the frame of discernment Ω. The
plausibility function of proposition A, denoted as Pl(A) is
defined by
Pl(A) =
∑
B∩A 6=∅
m(B).
(15)
The belief function Bel(A) and plausibility function Pl(A)
represent the lower and upper bound functions of the propo-
sition A, respectively.
III. THE COMPLEX BASIC BELIEF ASSIGNMENT [1]
A generalization of Dempster–Shafer evidence (GDSE) the-
ory is presented recently, in which a new concept of complex
belief function is defined based on the complex numbers [1].
Let Ω be a set of mutually exclusive and collective non-
empty events, defined by
Ω = {e1, e2, . . . , ei, . . . , en}, (16)
where Ω represents a frame of discernment.
The power set of Ω is denoted by 2Ω, in which
2Ω = {∅, {e1}, {e2}, . . . , {en}, {e1, e2}, . . . , {e1,
e2, . . . , ei}, . . . ,Ω},
(17)
and ∅ is an empty set.
Definition 5: (Complex mass function)
A complex mass function M in the frame of discernment
Ω is modeled as a complex number, which is represented as
a mapping from 2Ω to C, defined by
M : 2Ω → C, (18)
satisfying the following conditions,
M(∅) = 0,
M(A) = m(A)eiθ(A), A ∈ 2Ω∑
A∈2Ω
M(A) = 1,
(19)
where i =
√−1; m(A) ∈ [0, 1] representing the magnitude of
the complex mass functionM(A); θ(A) ∈ [−pi, pi] denoting a
phase term.
In Eq. (19),M(A) can also be expressed in the “rectangular”
form or “Cartesian” form, denoted by
M(A) = x+ yi, A ∈ 2Ω (20)
with √
x2 + y2 ∈ [0, 1]. (21)
By using the Euler’s relation, the magnitude and phase of
the complex mass function M(A) can be expressed as
m(A) =
√
x2 + y2, and θ(A) = arctan(
y
x
), (22)
where x = m(A) cos(θ(A)) and y = m(A) sin(θ(A)).
The square of the absolute value for M(A) is defined by
|M(A)|2 =M(A)M(A) = x2 + y2, (23)
where M(A) is the complex conjugate of M(A), such that
M(A) = x− yi.
These relationships can be then obtained as
m(A) = |M(A)|, and θ(A) = ∠M(A), (24)
where if M(A) is a real number (i.e., y = 0), then m(A) =
|x|.
If |M(A)| (A ∈ 2Ω) is greater than zero, A is called a focal
element of the complex mass function. The value of |M(A)|
represents how strongly the evidence supports A.
The complex mass function M modeled as a complex
number in the generalized Dempster–Shafer (GDS) evidence
theory can also be called a complex basic belief assignment
(CBBA). When M(A) degrades into a real number, a CBBA
will degrades into a BBA.
Definition 6: (Complex belief function)
Let Ω be a frame of discernment, and A ∈ 2Ω. The complex
belief function of A, denoted as Belc(A) is defined by
Belc(A) =
∑
B⊆A
M(B). (25)
Definition 7: (Complex plausibility function)
3Let Ω be a frame of discernment, and A ∈ 2Ω. The complex
plausibility function of A, denoted as Plc(A) is defined by
Plc(A) =
∑
B∩A 6=∅
M(B).
(26)
IV. A NEW DISTANCE MEASURE BETWEEN COMPLEX
BASIC BELIEF ASSIGNMENTS
In this section, a new evidential distance measure for
complex basic belief assignments is proposed.
Definition 8: (Evidential distance measure between CB-
BAs).
LetM1 andM2 be two CBBAs on the frame of discernment
Ω, where A and B are the hypotheses of CBBAs M1 and
M2, respectively. The evidential distance measure between the
CBBAs M1 and M2, denoted as dCBBA(M1,M2) is defined
by
dCBBA(M1,M2) =
√√√√√
|(−→M1 − −→M2)TD(−→M1 −−→M2)|∑
A⊆Ω
|M1(A)| +
∑
B⊆Ω
|M2(B)| , (27)
where
−→
M is the vector of CBBA M; (
−→
M1 − −→M2)T is the
transposition of (
−→
M1−−→M2); | · | denotes the absolute function;
D represents a 2n × 2n matrix which has the following
elements
D(A,B) =
|A ∩B|
|A ∪B| . (28)
In Eq. (27),
∑
A⊆Ω
|M1(A)| +
∑
B⊆Ω
|M2(B)| is required to
normalize dCBBA.
For Eq. (27), it can be expressed by another form,
dCBBA(M1,M2) =
√√√√√
‖−→M1‖2 + ‖−→M2‖2 − 2|〈−→M1,−→M2〉|∑
Ai∈2Ω
|M1(Ai)|+
∑
Aj∈2Ω
|M2(Aj)| ,
(29)
where |〈−→M1,−→M2〉| represents the scalar product, which is
defined as
|〈−→M1,−→M2〉| =
∣∣∣∣∣∣
2n∑
i=1
2n∑
j=1
M1(Ai)M2(Aj)
|Ai ∩ Aj |
|Ai ∪ Aj |
∣∣∣∣∣∣
, (30)
M2(Aj) is the complex conjugate of M2(Aj), and ‖−→M‖2 is
the square norm of
−→
M, defined by
‖−→M‖2 = |〈−→M,−→M〉|
=
∣∣∣∣∣∣
2n∑
i=1
2n∑
j=1
M(Ai)M(Aj)
|Ai ∩ Aj |
|Ai ∪ Aj |
∣∣∣∣∣∣
.
(31)
It is obvious that when the CBBAs are degraded from
complex numbers to real numbers, i.e., BBAs, the proposed
distance measure degrades into the Jousselme et al.’s distance
measure [2].
The properties of the proposed distance measure can be
summarized as
Property 1: LetM1,M2 andM3 be arbitrary three CBBAs,
then
P2.1 Non-negativity: dCBBA(M1,M2) ≥ 0.
P2.2 Non-degeneracy: dCBBA(M1,M2) = 0 if and only if
M1 =M2.
P2.3 Symmetry: dCBBA(M1,M2) = dCBBA(M2,M1).
P2.4 Triangle inequality: dCBBA(M1,M3) ≤
dCBBA(M1,M2) + dCBBA(M2,M3).
P2.5 Boundedness: 0 ≤ dCBBA(M1,M2) ≤ 1.
V. NUMERICAL EXAMPLES
Example 1: Assume there exist two CBBAs M1 andM2 in
the frame of discernment Ω:
M1 : M1({A}) = x+ yi,M1(Xθ) = 1− x− yi;
M2 : M2({A}) = 1− x+ yi,M2(Xθ) = x− yi;
where θ ∈ {1, 2}. When θ = 1 and θ = 2, X1 = {B} and
X2 = {A,B}, respectively. The belief values of M1 and M2
change as the variation of parameters x and y.
When we set y = 0, the CBBAs M1 and M2 degrade
into real numbers. The corresponding variation of the EDM
distance measure betweenM1 andM2 is depicted in Fig. 1(a)
as x varies within [0, 1]. Meanwhile, the Jousselme et al.’s
distance measure is also shown in Fig. 1(a).
From Fig. 1(a), we can notice that regardless of the singleton
or multi-sets of M1 and M2, the EDM distance measure is
exactly the same with the Jousselme et al.’s distance measure
as x changes within [0, 1]. This result verifies that when M1
and M2 degrade into real numbers from complex numbers,
the EDM distance measure degrades into the Jousselme et al.’s
distance measure.
When we set x within [0.01, 0.99] and y = 0.1, the
CBBAsM1 andM2 are complex numbers. The corresponding
variations of EDM distance measures in terms of the singleton
and multiple sets of M1 and M2 are depicted in Fig. 1(b),
respectively, as x changes within [0.01, 0.99].
It can be noticed that when x = 0.5 and y = 0.1, the
EDM distance measures are zero no matter M1 and M2
have singleton or multiple sets. Whereas, for another cases
that y = 0.1 and x within [0.01, 0.5) ∨ (0.5, 0.99], even
M1 and M2 have the same belief values, the EDM distance
measure between M1 and M2 under the case of θ = 2 with
Xθ = {A,B} is smaller than that of the case that θ = 1 with
Xθ = {B}. This result is reasonable and intuitive. The reason
is that under the case of θ = 2, there is an intersection {A}
between the subsets of M1 and M2, however, under the case
of θ = 1, there is no intersection between the subsets of M1
and M2.
Moreover, from the results shown in Fig. 1(a) and Fig. 1(b),
it is obvious that the symmetry property of EDM distance
measure is verified as well as the non-negativeness property.
VI. CONCLUSIONS
In this paper, a new distance measure is proposed for
complex basic belief assignments, called as EDM distance
measure in a more general framework of complex plane space.
In addition, the properties of the proposed EDM distance
measure are defined and analyzed. It is proofed that the EDM
distance is a strict distance metric, as it satisfies the axioms of a
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Fig. 1. The distance measures in Example 1.
distance. Then, numerical examples illustrate the effectiveness
of the EDM distance measure.
The main contribution of this study is that the EDM distance
measure is a generalization of the Jousselme et al.’s distance
measure. In particular, when the complex basic belief assign-
ments become basic belief assignments, the EDM distance
measure degrades into Jousselme et al.’s distance measure
in evidence theory. In summary, this study is the first work
to consider the distance measure between evidences in the
framework of complex numbers. It provides a promising way
to measure the difference or dissimilarity in the process of
solving the decision-making problems.
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